Abstract. Let G be a connected reductive p-adic group and let g be its Lie algebra. Let O be a G-orbit in g. Then the orbital integral µ O corresponding to O is an invariant distribution on g, and Harish-Chandra proved that its Fourier transformμ O is a locally constant function on the set g of regular semisimple elements of g. Furthermore, he showed that a normalized version of the Fourier transform is locally bounded on g. Suppose that O is a regular semisimple orbit. Let γ be any semisimple element of g, and let m be the centralizer of γ. We give a formula forμ O (tH) (in terms of Fourier transforms of orbital integrals on m), for regular semisimple elements H in a small neighborhood of γ in m and t ∈ F × sufficiently large. We use this result to prove that HarishChandra's normalized Fourier transform is globally bounded on g in the case that O is a regular semisimple orbit.
Introduction
Let F be a p-adic field of characteristic zero. Let G be the set of F -rational points of a connected reductive group defined over F , and let g be its Lie algebra. For X ∈ g, let O = O X denote the G-orbit of X, and let µ O denote the orbital integral corresponding to O, so that
Here G X denotes the centralizer of X in G and dx * is an invariant measure on G/G X . Let B denote a symmetric, nondegenerate, G-invariant bilinear form on g, and fix a nontrivial additive character ψ of F . Then we have the Fourier transform
, is the Fourier transform of the orbital integral. Harish-Chandra [1] proved that it is a locally constant function on g , the set of regular semisimple elements of g.
For X ∈ g, let η g (X) denote the coefficient of t l in the polynomial det(t − ad X), where t is an indeterminate and l is the rank of g. Then g = {X ∈ g : η g (X) = 0}. For any G-orbit O in g, we normalizeμ O by defining Φ(g, O, X) = |η g (X)|
1/2μ
O (X), X ∈ g . (1.3) In the case that γ ∈ g , Theorem 1.2 follows from Theorem 2.2 of [2] or from results of Waldspurger in [3] . The proof in the general case uses techniques from [2] .
The following stronger version of Theorem 1.1 is an easy consequence of Theorem 1.2 and induction on the dimension of g. 
|Φ(g, X, Y )| < ∞.
This paper is organized as follows. In §2 we show how Theorem 1.2 can be used to prove Theorem 1.3. In §3 we prove technical results which are needed for the proof of Theorem 1.2. Finally, Theorem 1.2 is proven in §4. This is done first in the case that g is semisimple and b is elliptic. The general case follows from this case using parabolic induction.
Proof of Theorem 1.3
The proof of Theorem 1.3 requires only the following simpler version of Theorem 1.2 which is proved in the first part of §4 as the first step in the proof of Theorem 1.2. Assume that g is semisimple and b is an elliptic Cartan subalgebra of g. Then the split component of B is trivial. Fix Haar measures dx and dm on G and M respectively, and define c(g, m, dx/dm, γ, X), X ∈ b , as in (3.9). The proof of Theorem 1.3 from Proposition 2.1 is by induction on the dimension of g. Since the normalizations of Haar measures are not important for Theorem 1.3 we drop them from the notation. If dim g < 3, then g is abelian and |Φ(g, X, H)| = |ψ(B(X, H))| = 1 for all H, X ∈ g . Assume that dim g ≥ 3 and that the theorem is true for all reductive Lie algebras of smaller dimension.
Suppose that g is not semisimple. Then we can write g = z + g 1 where z is the center of g, g 1 is the derived subalgebra, and dim g 1 < dim g. Let ω be a compact subset of b . Then there is a compact subset ω 1 of b 1 so that ω ⊂ z + ω 1 . By the induction hypothesis there is C > 0 so that |Φ(g 1 
Thus we may as well assume that g is semisimple.
Since Φ(g, X) is a class function on g, and g has a finite number of conjugacy classes of Cartan subalgebras, it suffices to show that for each Cartan subalgebra h of g, |Φ(g, X, H)| is uniformly bounded for X ∈ ω, H ∈ h . Fix an arbitrary Cartan subalgebra h of g.
Let A be the split component of B and let G b denote the centralizer in G of A.
The following lemma follows from combining Lemmas 1.7 and 1.13 of [1] .
Lemma 2.2. Given a normalization dx
s H)| is uniformly bounded for X ∈ ω and H ∈ h . Thus we may as well assume that b is elliptic.
Let · denote a norm on g, and let
Thus it suffices to bound |Φ(g,
Since g is semisimple and
w ω is a compact subset of the regular set of the Cartan subalgebra y 
This concludes the proof of Theorem 1.3.
Evaluation of an Integral
In this section we prove Lemma 3.3 which is a slight generalization of Lemma 4.4 of [2] . This Lemma will be needed in §4 to prove Theorem 1.2.
Let R denote the ring of integers of F , P the maximal ideal in R, and a uniformizing parameter so that P = R. Let | · | denote the absolute value on F such that | | = q −1 where q = [R/P]. We assume that the character ψ of F used to define the Fourier transform in (1.2) has conductor R.
There is n ≥ 1 so that g and G are subsets of M n (F ). We have the usual norm · on g ⊂ M n (F ) given by
Let B denote the symmetric, nondegenerate, bilinear form on g given by
Fix a reductive subalgebra m of g such that m = C g (γ) for some semisimple element γ of g. Since m is reductive, the restriction of B to m is nondegenerate, and
⊥ . Then as in [2] we define new norms on g as follows.
As in [2] X = max{ X 0 , X 1 } and there is a constant 0 < C 0 ≤ 1 so that
For any integer c ≥ 0, define
It is a lattice in g. Define c 0 > 0 as in Lemma 4.1 of [2] . Then in particular, for any c ≥ c 0 , exp : k c → G is well defined and we let
where dk is normalized Haar measure on K c . Let X ∈ m. Then the restriction of ad X to m ⊥ is a linear transformation
Define m reg to be the set of all X ∈ m such that X is semisimple and C g (X) ⊂ m. Then for all X ∈ m reg , T X is invertible. For any integer s > 0, we let
Thus by (3.4)
where for each k ≥ 2, the sum is over multi-indices
Using Lemma 4.1 of [2] , for each k ≥ 2 and multi-index as above,
But by the first part of the lemma,
Proof. Let γ be a semisimple element of g such that m = C g (γ). We may as well assume that γ ≤ |2|. Then since γ ∈ m reg , there is s > 0 so that for all
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
where dZ 1 is Haar measure on m ⊥ normalized so that
where dk is normalized Haar measure on
Proof. The first part is clear from the definition.
where 
Here, as in the proof of Lemma 3.1, the sum is over multi-indices for which at least one i = 1. Suppose that exactly one i = 1. Then ad
. Suppose that k ≥ 3 and at least two of the i = 1. Then
But by Lemma 3.1, for k ≥ 3,
Further, using the proof of Lemma 4.4 of [2] , since |t| ≥ 
Suppose that b is a Cartan subalgebra of m and let A denote the split component of the Cartan subgroup of G corresponding to b. Fix an invariant measure dx * on G/A and an invariant measure dm * on M/A. Then if da is a choice of Haar measure on A, we can normalize Haar measures dx and G and dm on M so that dx = dx * da, dm = dm * da. In this case we write 
Proof. Part (i) is clear from the definitions. Thus in (ii
Fix H ∈ m ∩ g , and let h be the Cartan subalgebra of g containing uH. Then u ∈ N (h, m). It is shown in the last part of the proof of Theorem 2.2 of [2] that for this choice of dm *
An Expansion at Infinity
In this section we will give the proof of Theorem 1.2. The first step is to prove Proposition 2.1. This will be done in a series of lemmas. Thus we assume through Lemma 4.4 that g is semisimple and b is elliptic. Let γ be an arbitrary semisimple element of g, and let m = C g (γ). Then the Cartan subgroup B corresponding to b has trivial split component. (3.9) . Since dx and dm are fixed throughout the proof of Proposition 2.1, we drop them from the notation.
Suppose
≡ 1, and Proposition 2.1 is trivial. Thus we may as well assume that γ = 0.
Let ω be a compact subset of b , and let X 0 ∈ ω. Then C g (X 0 ) = b is abelian, and so there is an open closed subset ω 0 of b with X 0 ∈ ω 0 ⊂ ω B = ω which satisfies the conditions of Corollary 2.3 of [1] . Since ω can be covered by a finite number of sets ω 0 , we may as well assume that ω = ω 0 for some X 0 ∈ ω. 
1/2 and y −1
But it is clear from (1.6) that 
Define 
⊂ m for all X ∈ U , and for every compact subset Q of g there is a compact subset Ω of G such that xU ∩ Q = ∅ implies that x ∈ ΩM . Define V = U G . By Corollary 2.4 of [1] , V ⊂ ω G γ and is a Gdomain in g. We will show that ω(γ) = U ∩ h satisfies the condition of Proposition 2.1.
Lemma 4.1. (i) The double cosets Ky
where
is the volume of K with respect to dx, and V (K M (w), dm) is the volume of K M (w) with respect to dm.
Proof. By Lemma 5.4 of [2] there is
where dk is normalized Haar measure on K(w) = y
It is a compact set. Now U ⊂ ω 
Since γ = 0 and g is semisimple, m = g. Now since for all
Using the same argument as above with K M (w) in place of K(w), we can also prove that there is
Thus as long as
Define c as in Lemma 3.2, and pick c ≥ c large enough such that
.
we may as well assume that the coset representative k i is chosen so that
Thus using Lemma 3.4 and (4.2),
But using (3.9),
Thus the lemma is valid for
Since {H} is a compact subset of h , by Lemma 5.4 of [2] there is C > 0 so that
But since G H is compact and K bi-invariant, we have
Let m ∈ M and suppose my
and only if m ∈ M H (w). Thus as above we can write
The following lemma completes the proof of Proposition 2.1. Define T (γ) = T as in Lemma 4.2.
Lemma 4.4. For all
Let x ∈ G. Then by Lemma 4.2, since |t| ≥ T and
. Now by Lemma 4.1 (iv), this implies that
Fix w ∈ W, m ∈ M H (w). Then since m −1 H ∈ U and |t| ≥ T , using Lemma 4.2,
Thus using Lemma 4.3,
We now keep the assumption that b is elliptic, but remove the assumption that g is semisimple. Let Z denote the split component of the center of G. It is also the split component of the Cartan subgroup of G corresponding to b. Let dx * and dm * be choices of Haar measures on G/Z and M/Z respectively, and define c(g, m, dx * /dm * ) as in (3.10).
Lemma 4.5. Let ω be a compact subset of b , and let h be a Cartan subalgebra of g with γ ∈ h. Then there exist a neighborhood ω(γ) of γ in h and T (γ) > 0 so that for all X ∈ ω, H ∈ ω(γ) ∩ h , and t ∈ F, |t| ≥ T (γ),
Proof. Write g = z+g 1 , b = b 1 +z, h = h 1 +z, where g 1 is semisimple, b 1 is an elliptic Cartan subalgebra of g 1 , and h 1 is an arbitrary Cartan subalgebra of g 1 . Write 
Thus we can take ω(γ) = z + ω 1 (γ 1 ) and T (γ) = T (γ 1 ).
Suppose now that b is an arbitrary Cartan subalgebra of g. Let A be the split component of B, and fix an invariant measure dx 
, and so represents a unique 
